Far field and optical mode of the concentric-circular-grating (CCG) QCL
The design of the concentric-circular grating follows the rule in Ref. 1 , with the whole grating structure starting from the center to the boundary being: 59.8/3/27.4/3/26.3/3/26.6/3/26.5/3/26.4/3/27.4/3/ 27.4/3/27.4/3/27.4/3/27.4/3/27.4/3/27.9/3/27.9/3/27.9/3/27.9/3/150 in µm, where the bold numbers indicate the slit region, and the underlined parts are connected by spoke structures to allow electrical pumping of the active region below ( Fig. 1 in main text) .
The two-dimensional far field emission pattern of the device was measured by scanning a pyroelectric detector on a spherical surface centered at the laser, as shown in Fig. S1a , where the (0, 0) position represents the normal to the laser surface. According to the measured far-field pattern, the optical mode in the laser cavity was identified as that in Fig.S1b and Fig. S1c . As shown, the optical mode is confined in the pumping area (enclosed by a white dash circle) of the CCG QCL. Note that the actual pumped area is larger than that enclosed by the white dash circle (Fig. S1b) or line (Fig. S1c) since there is lateral current spreading in the active region of typically ~ 20 µm.
From the measured optical mode, it can be deduced that the CCG QCL operates on the sixth-order azimuthal mode 1 although the design was targeted on the first-order mode. This deviation is mainly due to an underestimation of the gain peak frequency of the active region. 
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Model used to retrieve the graphene parameters
The carrier density in the graphene can be approximately expressed by:
Here 0 n represents the residual carrier concentration at the Dirac point, which is non-zero owing to charged impurities in the dielectric or the graphene/dielectric interface. The square resistance across the source and drain is given by:
where contact R represents the metal/graphene contact resistance.
By fitting the measured data with the above model, as shown in The graphene sheet conductivity in the main text is given by ( ) 
Comparison of the graphene response at 78 K and 300 K
To investigate the graphene response at cryogenic and room temperature, we measured the electrical transport and optical modulation of the same graphene sheet at 78 K and 300 K. As plotted in Fig. S4a, at 78 K, the graphene undergoes a larger change of conductivity across the gate voltage range. Treating the graphene as a zero thickness conductive layer with free carriers and current, the transmission intensity at the air/graphene/dielectric interface can be expressed as: are also plotted in Fig. S4 , showing a slightly higher modulation depth (~1%) at 78 K than that at 300 K.
However, the uncertainty in the THz modulation measurement is larger this small difference (Fig. S4b) . 
High-frequency circuit model of the graphene modulator
To investigate the high speed performance of the integrated modulator, we constructed an equivalent circuit model. in the lower right model in Fig. S5c , where the parameters can be written as:
Here, c ρ is the contact resistance across the metal/graphene edge in units of m µ Ω ⋅ , σ is the graphene conductivity, r is the distance from the center of the slit to the center of the device, t is the thickness of the SiO 2 (450 nm), d is the width of the slit (14 µm), 0 ε is the vacuum permittivity and ox ε is the relative permittivity of the SiO 2 .
The slits are in parallel in the circuit, and therefore the equivalent circuit for the whole modulator is as shown in Fig. S5d . From the previous two equations, we have ...
This means the voltages at the red points in Fig ...
8.7
SiO
A is the total area of the graphene contact for slits 1 to 6. In equation (8) 
Where in Z is the total impedance of the modulator, enclosed by the dashed box in Fig. S5e , and can be written as: 
To characterize the high-frequency response of the integrated modulator, we have performed an Sparameter measurement using a radio frequency (RF) network analyzer. The dynamic response (S 21 ) is shown in Fig. S6 (blue triangular symbol) . The relation between S 21 and Z in for the circuit in 
